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Extreme Spin Squeezing via Optimized One-Axis Twisting and Rotations
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We propose a scheme for the generation of optimal squeezed states for Ramsey interferometry. The
scheme consists of an alternating series of one-axis twisting pulses and rotations, both of which are
straightforward to implement experimentally. The resulting states show a metrological gain proportional
to the Heisenberg limit. We demonstrate that the Heisenberg scaling is maintained even when placing con-
straints on the amplitude of the pulses implementing the one-axis twisting and when taking into account
realistic losses due to photon scattering.
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I. INTRODUCTION

In quantum metrology, an ensemble of N noninter-
acting atoms provides a basic statistical scaling of the
measurement precision with 1/

√
N , also known as the

standard quantum limit (SQL). However, quantum
mechanics also provides for the possibility of entangle-
ment between the atoms. The nonclassical correlations can
provide an advantage in the scaling of the measurement
precision, up to the Heisenberg limit (HL) with a scaling
of 1/N , that is, a quadratic advantage [1]. Overcoming the
SQL is central in the effort of advanced quantum metrology
that actively exploits the fundamental quantum properties
of the measurement device. Approaching the Heisenberg
limit promises dramatic improvements in high-precision
sensing with a relatively small amount of atoms. Such
high-precision sensing is the ultimate objective of appli-
cations that include the search for dark matter [2], tests of
the fundamental laws of physics [3,4], detection of grav-
itational waves [5], timekeeping [6], and geodesy [7–9].
Consequently, substantial effort has been devoted to design
protocols that allow us to achieve the limit.

A well-known strategy to reach a scaling beyond the
SQL is the realization of spin-squeezed states (SSSs)
[10–14]. These states are characterized by nonclassical
correlations that lower (squeeze) the variance of one mea-
surement quadrature in the collective state by increasing
the variance of the quadrature orthogonal to the measure-
ment. The earliest proposal to generate SSS is based on
engineering
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an effective atom-atom interaction, described as a one-axis
twisting (OAT) Hamiltonian [10]. The SSSs that can be
realized via one-axis twisting achieve a scaling beyond the
SQL but fall short of achieving the full Heisenberg limit.
This is even more true when taking into account realistic
losses in a typical experimental setup [15].

A relevant figure of merit for a specific SSS is the
metrological gain, i.e., the attainable phase sensitivity �ϕ

for the measurement of the accumulated phase ϕ in a
Ramsey interferometric measurement [16,17] relative to
�ϕCSS = 1/

√
N . Here, we consider SSSs that redistribute

the variance in two orthogonal directions of the total angu-
lar momentum (an effective collective spin representing
N atoms). The maximization of metrological gain for
the measurement of a particular momentum component
allows us to find optimal states for Ramsey interferome-
try. These squeezed states result in the Heisenberg scaling
[18,19]; they are also known as extreme SSSs [20]. In
this paper, we design a protocol to generate such extreme
SSSs.

Our proposed scheme relies only on experimentally
demonstrated OAT interactions in an alternating sequence
with standard spin rotations. Thus, the advantage of our
approach is that it can be realized in current experimen-
tal setups that employ OAT, specifically optical-lattice
clock-atom experiments [15,21–24]. We find that only two
applications of the OAT Hamiltonian are sufficient to gen-
erate Heisenberg scaling. Moreover, we can show that
our approach retains this scaling in a dissipative environ-
ment of light-mediated interactions in an optical cavity
as a means of creating the effective OAT Hamiltonian
[22].
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II. GENERATION OF EXTREME SPIN
SQUEEZING

We consider an ensemble of N identical two-level
systems or, equivalently, N spin- 1

2 particles with total
spin S. The collective spin �S of the N atom system is
defined by its components in terms of the Pauli matrices
as Ŝi = 1

2

∑N
n=1 σ̂i,n, where σ̂i,n is the ith Pauli matrix act-

ing on the particle n with i = x, y, z. The introduction of an
effective interaction between atoms allows us to generate
correlations in the atomic ensemble and to prepare entan-
gled states. In a Ramsey spectroscopic measurement, these
entangled states can result in a higher sensitivity compared
to uncorrelated atomic states.

Figure 1 illustrates the pulse sequence for a general
Ramsey interferometer and the corresponding dynamics on
the generalized Bloch sphere. The system is initialized to
a coherent spin state (CSS). The CSS is usually created
by optical pumping of all atoms into the ground state. A
π/2 pulse then rotates the collective spin around the y
axis to the equator. At this point, an appropriate squeezing
Hamiltonian may be used to produce a squeezed state with
unequal quadratures of the distribution. Subsequently, the
system evolves freely under the Hamiltonian δŜz. This cor-
responds to a rotation around the z axis of the generalized
Bloch sphere and accumulates a phase ϕ directly propor-
tional to the detuning δ. A final π/2 pulse maps the phase
ϕ into a population difference between spin-up and spin-
down states as measured by 〈Ŝz〉. The measurement allows
us to estimate ϕ with sensitivity

�ϕ =
∣
∣
∣
∣
∣

�Ŝz

∂〈Ŝz〉/∂ϕ

∣
∣
∣
∣
∣
, (1)

evaluated for the final state. Thus, squeezing of �Ŝz in
favor of a wider distribution along the x and y axes, as
in the final state in Fig. 1, improves the precision of the
phase estimation. In addition, we also have to consider the
signal contrast, which depends on the range of values for
〈Ŝz〉, with |〈Ŝz〉| ≤ |〈�S〉|. Since squeezing also lowers |〈�S〉|
[13], phase sensitivity and signal contrast are generally not
independent.

FIG. 1. A schematic of the modified Ramsey interferometry
scheme using spin squeezing. The spheres show the Husimi-
Q function Q(θ , φ) = |〈
|θ , φ〉|2 over the generalized Bloch
sphere, where |θ , φ〉 corresponds to a CSS oriented to the direc-
tion (θ , φ) and |
〉 is the state after each step in the scheme.

The metrological gain is given by the Wineland squeez-
ing parameter [11,12]

ξ 2 = �ϕ2

�ϕ2
CSS

= min
û⊥〈�S〉

(�Ŝ
2
û )

N

|〈�S〉|2 , (2)

which relates the phase sensitivity without squeezing to
the phase sensitivity with squeezing in Fig. 1. On the
right-hand side, the minimum is taken over all directions
perpendicular to the mean spin direction 〈�S〉. For ξ 2 = 1,
the measurement precision scales as the SQL with 1/

√
N .

For ξ 2 < 1, we have a squeezed state. In particular, a
sensitivity scaling of the form ξ 2 = aN−1 would be pro-
portional to the Heisenberg limit and would reach the exact
Heisenberg limit for a = 1.

We define an extreme SSSs as a state that minimizes ξ 2

[see Eq. (2)] under the condition that the total wave func-
tion is normalized and that |〈�S〉| is constant and thus the
signal contrast is fixed. Consequently, these states allow us
to achieve the maximum sensitivity of the Ramsey inter-
ferometric measurements [19,20]. To find these states, we
apply variational calculus to minimize the functional

L [|
〉] = N
〈Ŝ 2

z 〉
〈Ŝx〉 2 − λ1〈
|
〉 − λ2〈Ŝx〉, (3)

where λ1,2 are Lagrange multipliers and the average is
taken over the state |
〉. Without loss of generality, we
choose the mean spin direction to be Ŝx and the minimum
perpendicular variance to be along the z axis. Note that this
is a different choice than in Fig. 1.

Using the Euler-Lagrange formalism, we obtain

N

[
1

〈Ŝx〉 2 Ŝ
2
z − 2

〈Ŝ 2
z 〉

〈Ŝx〉 3 Ŝx − λ2

N
Ŝx

]

|
〉 = λ1 |
〉 , (4)

which is an eigenvalue equation that characterizes extreme
SSSs. Specifically, we recognize extreme SSSs as eigen-
functions of a Hamiltonian of the form

Ĥ = χ Ŝ
2
z − �Ŝx, (5)

where the ratio �/χ is a function of 〈Ŝx〉. The extreme
SSS |
〉 has to be determined iteratively by solving for the
�/χ that gives the desired value of 〈Ŝx〉 when solving the
eigenvalue equation with the Hamiltonian in Eq. (5).

Figure 2(a) shows the solution of the eigenvalue prob-
lem for different values of 〈Ŝx〉. As 〈Ŝx〉 → 0, the extreme
SSS converges to a ring on the equator of the Bloch sphere.
In principle, this state provides the greatest metrological
gain (minimal ξ 2). However, a very short spin length also
implies a minimal signal in the experiment, which renders
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(a) (b)

FIG. 2. (a) Extreme SSSs with different mean spin lengths for
N = 60 atoms. The upper Bloch sphere shows the CSS for ref-
erence. (b) The metrological gain for extreme SSSs with fixed
mean spin length in terms of the Wineland squeezing parame-
ter ξ 2, for a varying number of atoms N (note the log scale).
We show the scaling for 〈Sx〉 = 0.5S and 〈Sx〉 = 0.9S, where S
is the total spin number, S = N/2. The solid lines are a linear fit
showing the proportionality to the Heisenberg limit, ξ 2 ∝ N−1.

Ramsey interferometric measurements too susceptible to
noise [19].

It has been shown that all extreme SSSs scale pro-
portionally to the HL [19,25] and that the constant of
proportionality depends on the mean spin length, in our
case on 〈Ŝx〉. We show examples of this scaling in Fig. 2(b)
for two values of 〈Ŝx〉.

The key to creating extreme SSSs in the Hamiltonian
in Eq. (5), of which they are eigenfunctions. Remarkably,
up to one extra term, this Hamiltonian has the form of a
one-axis twisting Hamiltonian [10], which is easily imple-
mented experimentally [15,21–23]. The extra term is a
rotation of the collective spin in a perpendicular direction.

Since the extreme SSS is the ground state of the Hamil-
tonian in Eq. (5), one possibility for generating the state is
by adiabatic time evolution. This process would start from
a coherent spin state pointing along the x axis [20]. Con-
sideration of the parameters χ and � as the time-dependent
control function would allow us to slowly turn on the one-
axis twisting, tuning the Hamiltonian from Ĥ = −�Ŝx to
Ĥ = χ Ŝ

2
z − �Ŝx. Unfortunately, this process is too slow

to be practical. A possible approach to overcome the slow
adiabatic process is to implement the well-known “short-
cuts to adiabaticity” (STA) [26], which would allow us to
quickly reach the target state, at least approximately [27,
28]. However, an extra complication is that some experi-
mental setups generate the OAT evolution by a series of
pulses, which include additional steps to cancel additional
detrimental terms in the effective Hamiltonian. The incor-
poration of these refocusing pulses in an STA approach
would not be straightforward.

Here, we take an entirely different approach based on the
realization that the two terms in the Hamiltonian in Eq. (5)
are individually easy to realize in an experiment. The first
term is the Hamiltonian that implements OAT, whereas the
second term is a simple rotation in the extended Bloch

sphere. Hence, we propose a sequence of n alternating
OAT and Ŝx pulses that allow the creation of extreme SSSs
without any fundamental alterations to existing experimen-
tal implementations for an OAT setup. Figure 3(a) shows
the proposed pulse sequence for an example of N = 60
atoms initially in a CSS pointing along the x axis. As
shown, only n = 4 pulses are sufficient to drive the CSS
into an extreme SSSs with 〈Ŝx〉 = 0.9S. The extreme SSS
is reached with error ε = 1 − |η|2 ≈ 1.3 × 10−4, where
η = 〈
|
SSS〉 is the overlap between the final and tar-
get state |
SSS〉. To find the optimal pulse sequence, we
propagate the initial CSS as

|
SSS〉 = exp
(
−iμnŜx

)
exp

(
−iQn−1Ŝ

2
z

)
. . .

. . . exp
(
−iμ2Ŝx

)
exp

(
−iQ1Ŝ

2
z

)
|
CSS〉 , (6)

where Qk = χ�t is the shearing strength of the kth OAT
pulse, μk = ��t is the rotation angle produced by the
kth Sx pulse, and �t is the pulse duration. We use SciPy’s
minimization routine [29] with the L-BFGS-B method
[30,31] to iteratively find the parameters (Qk, μk) that
minimize ε.

In Fig. 3(b), we show the achieved error ε as a func-
tion of the number of atoms N for different values of the
contrast 〈Ŝx〉/S = 0.5 and 〈Ŝx〉/S = 0.9, using a sequence
of four and six pulses, respectively. Unsurprisingly, higher
contrast allows for higher fidelities. This is because the
extreme SSS is closer to the initial state. At the same
time, the scaling of the error—and, respectively, the loss
of metrological gain due to infidelity—is nearly flat with
respect to the number of atoms. Moreover, the fidelity also
improves by increasing the number of pulses. Remark-
ably, we find that when generating the extreme SSS with

(a)

(b)

FIG. 3. The generation of extreme SSSs. (a) Snapshots of the
extreme SSSs after the each pulse in the squeezing sequence;
〈Ŝx〉/S = 0.9, N = 60. (b) The infidelity of the generated
extreme SSSs as a function of N ; the mean spin length 〈Ŝx〉 =
0.5S and 〈Ŝx〉 = 0.9S.
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〈Ŝx〉 = 0.9S with four pulses, the optimization error intro-
duces a metrological loss of less than 0.05 dB compared to
the result in Fig. 2(b). The loss of precision due to the opti-
mization error is higher for 〈Ŝx〉 = 0.5S (between 3 and
6 dB). Note that the four-pulse sequence (n = 4) is the
first nontrivial case, since the two-pulse sequence is equiv-
alent to the OAT scheme, where the noise reduction scales
proportionally to N−2/3 [10].

III. METROLOGICAL LOSS DUE TO PHOTON
SCATTERING

Optical methods to generate collective entanglement
rely on the interaction of the atomic ensemble with a cavity
light field. Cavity-feedback squeezing [21,24] is a deter-
ministic technique to generate a control Hamiltonian χ Ŝ

2
z .

The spin quantum noise tunes the atom-cavity resonance
such that the intracavity light intensity is proportional to
the z component of the collective atomic spin. Thus, the
light induces an Ŝz-dependent light shift that generates
Ŝy-Ŝz quantum correlations and atomic entanglement in
the process. Due to the cavity-enhanced atom-light interac-
tion, any information contained in the light field results in
the nonunitary evolution of the atomic system [32]. More-
over, any photon scattered in the free space projects one
atom into either spin up or spin down, thus reducing the
spin coherence. However, as has recently been demon-
strated [23,24] and modeled [32,33], decoherence can be
minimized to reach a near-unitary evolution by tuning the
entangling-light frequency. The sign of the χ Ŝ

2
z Hamil-

tonian can be reversed simply by switching the sign of
the detuning between the atom-cavity resonance and the
light [24,32].

One way to produce an effective OAT is by the interac-
tion of the atomic ensemble with a single-mode cavity field
[15,21–23,34]. In this system,

Ĥ = −�ωnc

(
Ŝz + S

)
, (7)

where ω represents the light shift per photon on the spin
levels induced by the coupling to the cavity mode and nc

is the number of photons [24]. If 〈Ŝz〉 = 0, one can expand
the photon number 〈n̂c〉(Ŝz) in terms of the powers of Ŝz
and approximate

Ĥ ≈ −�ω 〈nc〉 (Ŝz + S) − �ω

〈
∂ n̂c

∂ Ŝz

〉

Sz=0

Ŝ
2
z

= α(Ŝz + S) + χ Ŝ
2
z . (8)

Note that this is essentially the OAT Hamiltonian plus the
z-rotation term αŜz; the αS term produces only a global
phase and thus can be neglected.

The OAT Hamiltonian can clearly be implemented by
turning on the nonlinear interaction shown in Eq. (8) for
a specific time, �t, then applying a π pulse, and finally
turning the nonlinear interaction on again. Effectively, the
result of this sequence is identical to the application of
the OAT Hamiltonian Ĥ = χ Ŝ

2
z (with Q = χ�t), since

the π pulse cancels the other terms, similar to a spin-
echo sequence. Applying Sx rotation simultaneously with
the OAT Hamiltonian may be challenging, as it affects the
spin-echo effect. The optimized squeezing sequence of our
proposal is not susceptible to this issue as the rotations
are between each application of the OAT Hamiltonian, i.e.,
between each iteration of the described sequence.

As stated above, during each application of the effective
OAT, the photon scattering reduces the spin coherence,
leading to a contrast loss at the final measurement. It
has been shown [23] that the contrast loss, Csc, depends
on both the total shearing strength Q = ∑

k Qk of the
pulse sequence [see Eq. (6)] and the number of atoms
N . This can be parametrized as Csc = exp(−γ Q̃), where
Q̃ = √

N Q is the normalized shearing strength and γ is
the scaling parameter, which we choose to be equal to
0.36, addressing the experimental conditions reported in
Ref. [23]. This reduces the above calculated metrologi-
cal gain to ξ̃ 2 = ξ 2/C2

sc, potentially affecting the precision
scaling.

A primary advantage of our scheme is that it involves
only minimal modifications to an experimental setup real-
izing OAT and uses only a small number of OAT applica-
tions, reducing the OAT-associated contrast loss. This is in
contrast to other approaches that have been proposed, e.g.,
the combination of OAT interactions and rotations for the
creation of effective two-axis twisting [32,35–39], or mod-
ulation of the OAT interaction and rotations to implement
extreme SSSs [20,27,36,40]. Moreover, we can show that
our scheme is robust in the presence of photon scattering.

Through analysis of the extreme SSSs and the optimal
pulse sequences that generate them, we observe that the
states with lower 〈Ŝx〉/Ŝ provide higher metrological gain
and that creating them requires higher shearing strength.
However, a reduction of the metrological gain due to the
photon-scattering contrast loss is higher for the extreme
SSSs with low 〈Ŝx〉/S. Therefore, as an example of a
good trade-off between the level of squeezing and shearing
strength, we consider the case 〈Ŝx〉 = 0.9S in the following
analysis. In this case, applying only n = 4 pulses, the opti-
mized extreme SSSs result in an error on the order of 10−4

[see Fig. 3(b)].
One way to minimize the effect of the contrast loss in

the precision scaling is to fix Q̃ during the optimization
of the pulse sequence. As a result, the contrast loss Csc
affects only the proportionality factor and not the scal-
ing. However, this reduces the metrological gain due to a
reduction in the fidelity of the prepared state, so a scaling
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(a) (b)

(c)

FIG. 4. Extreme SSS generation with a fixed normalized
shearing strength. (a) Approximated extreme SSSs generated by
a pulse sequence with a fixed shearing strength, for N = 100 and
〈Ŝx〉 = 0.9Ŝ. (b) The metrological gain, corrected for contrast
loss due to photon scattering, as a function of the normalized
shearing strength, for different values of N . (c) The metrolog-
ical gain scaling (b from fit ξ̃ 2 = aN−b) as a function of the
normalized shearing strength.

proportional to the Heisenberg limit is achievable only for
sufficiently high values of Q̃. Fortunately, the convergence
to the extreme SSS is fast with an increase of Q̃, as we
show in Fig. 4(a). The necessary shearing strength is of
the order of one, Q̃ ∼ 1, as demonstrated experimentally
in previous work [23]. In Fig. 4(b), we plot the metro-
logical gain corrected by the contrast loss due to photon
scattering as a function of Q̃ for different values of N . We
observe a peak around

√
N Q = 0.5, where the trade-off

between contrast loss and precision is optimal. The posi-
tion of the optimal precision is moving to larger values of
shearing strength Q̃ as we increase the number of atoms,
N . We obtain 14.9 dB of metrological gain for N = 350
atoms using Q̃ = 0.55, which surpasses the result reported
in Ref. [23]. Finally, in Fig. 4(c), we show the scaling of
the metrological gain as a function of Q̃. As expected, it
approaches the Heisenberg limit as we increase Q̃. Thus,
the proposed optimized squeezing sequence achieves a
scaling proportional to the HL.

We further analyze the robustness of the scheme with
respect to variations in the amplitude of the control pulses.
To this end, we apply random variations on the amplitude
of both the OAT pulses and the rotations, drawn from a
Gaussian distribution with a standard deviation of 10% of
the optimal amplitude. We find that the resulting standard
deviation of the resulting metrological gain is less than 0.2
dB. Thus, our scheme is remarkably robust with respect to
variations in the pulse amplitudes.

IV. CONCLUSIONS AND OUTLOOK

To conclude, we show that a sequence of one-axis twist-
ing and rotations can overcome the precision scaling of a
single application of a one-axis twisting Hamiltonian and

reach the fundamental Heisenberg scaling. The approach
uses the same elements as existing OAT implementations.
Thus, it does not require significant modification to an
existing experimental setup.

Fundamentally, the extreme SSSs generated by our
pulse scheme maximize the metrological gain for Ram-
sey interferometry at a fixed signal output amplitude. They
always attain Heisenberg scaling up to a constant factor,
giving us additional flexibility, e.g., to limit the number
of OAT pulses. This feature is useful when employing
light-mediated interactions in an optical cavity to create
an effective OAT, as the photon scattering reduces con-
trast. To account for the contrast reduction due to photon
scattering, we specifically target extreme SSSs that yield a
high contrast signal, requiring a reduced shearing strength
Q̃. However, extreme SSSs that yield a low contrast signal
could be useful for other protocols that are different from
the Ramsey scheme, for instance, the signal amplification
through time-reversed interaction protocol [41], as they are
still highly entangled.

We find that a single nonlinear interaction, such as OAT,
already provides a remarkable degree of control when
combined with suitable nonentangling operations. This
flexibility could be related to the results in Ref. [42], which
show that alternating applications of different Hamiltoni-
ans are often capable of approximating any quantum gate,
or at least a relevant subset, as required here. We expect
that similar strategies could be used to create other entan-
gled states that optimize other figures of merit, such as the
Fisher information or planar squeezing [43,44]. The latter
corresponds to a modification of the squeezing parameter
that quantifies the fitness of the squeezed states over an
extensive range of phases acquired during free evolution.
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