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What is Quantum Control?

Steer a quantum system in some desired way
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Two-Transmon Gate
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~

7mm

a)

b)

Majer et al. Nature 449, 443 (2007)

Ĥ = Ĥ0 + ε(t)Ĥ1

microwave field in transmission line

|00〉 → CR2 |00〉
|01〉 → CR2 |01〉
|10〉 → CR2 |10〉
|11〉 → CR2 |11〉





with the same ε(t);

acting on logical subspace
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Controlling the transport of an ion
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Fürst et al. New J. Phys. 16, 075007 (2014)

Find electrode voltages
to move trapped ions

Bruzewicz et al. npj Quantum Inf 5, 102 (2019)
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Tractor atom interferometry
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tractor function

Raithel et al. Quantum Sci. Technol. 8, 014001 (2022)

Find non-adiabatic tractor potential
closing interferometric path
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Fortran: QDYN library
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C. Koch group
FU Berlin
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Python
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Goerz et al. SciPost Phys. 7, 80 (2019)
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Why Julia?

Flexibility

Performance

Expressiveness
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QuantumControl.jl examples
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Dynamical Generator
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Generator Interface
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QuantumControl.jl is not a modeling framework!
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time
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ro
l a

m
pl

itu
de

i~
∂

∂t
|Ψ(t)〉 = Ĥ({εl(t)}) |Ψ(t)〉

i~
∂

∂t
ρ̂(t) = L({εl(t)})[ρ̂(t)]

PWC propagator: Ûn = exp[− i
~ Ĥndt] for n’th time slice

⇒ evaluate Ûn |Ψ〉 (or Un[ρ̂]) as a polynomial expansion

Hermitian Hamiltonian → Chebychev polynomials

Non-Hermitian Hamiltonian or Liouvillian → Newton polynomials
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Gradient-based optimal control
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de Control parameters: discretized pulse values εnl

Gradient ∇JT = ∂JT
∂εnl

Tune controls in the direction of the gradient
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gate concurrence of two-qubit gate Û

1 c1, c2, c3 ∝ eigvals
(

ÛŨ
)

; Ũ = (σ̂y⊗σ̂y ) Û (σ̂y⊗σ̂y )

2 C (Û) = max |sin(c1,2,3 ± c3,1,2)|
Childs et al. Phys. Rev. A 68, 052311 (2003)

Not analytic!
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Semi-automatic differentiation
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∇JT =
∂JT ({Ψk(T )})

∂εnl

= 2Re

[∑

k

∂JT
∂ |Ψk(T )〉︸ ︷︷ ︸
≡〈χk |

∂ |Ψk(T )〉
∂εnl

]

= 2Re

[∑

k

∂

∂εnl
〈χk(T )|Ψk(T )〉

]

(a) GRAPE

1○ forward-prop and storage with guess

2○ backward-prop of extended state/gradient
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(b) Krotov’s method

2○ forward-prop with updated control

1○ backward-prop and storage with guess
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Figure 1: Numerical scheme for the contribution from the k’th objective to the gradient/update for the l’th control,
in iteration (i) of an optimization with GRAPE (a) and Krotov’s method (b). For GRAPE, the scheme starts in the
bottom left with the initial state |„kÍ at t = 0. The states marked in red must be stored in memory. The backward
propagation of the extended state |‰̃k(t)Í is defined in Eq. (9). Both the forward and the backward propagation
uses the guess controls, indicated by the superscript (i ≠ 1). A negative time index, e.g. in t91, is shorthand for
NT ≠1. The gradient values Ò·

(k)
nl marked in blue are defined in Eq. (10). For Krotov’s method, the schemes starts

in the top right of panel (b) with |‰k(T )Í defined in Eq. (14). The backward propagation uses the guess controls
(i≠ 1), while the forward propagation uses the updated controls (i). The updates �‘

(k)
nl marked in blue correspond

to the terms under the sum in Eq. (12), at the midpoint of the n’th time interval. That is, they are summed over
k to obtain the total updated ‘

(i)
nl .

The expansion coe�cients am for a given spectral range and a uniform time step dt can be calculated
analytically and are proportional to Bessel functions [62]. For a non-Hermitian Ĥ (e.g., a Liouvil-
lian), an expansion into Newton polynomials is suitable [64, 66, 86]. Both Chebychev and Newton
propagation have been implemented in Julia [87].

In this context, it is worth noting that the eigenvalues of Gn in Eq. (4) are the same as the
eigenvalues of the underlying Ĥn, with an additional (L+1) degeneracy. In particular, for a Hermitian

Ĥn the eigenvalues of Gn are real, despite Gn as a whole not being Hermitian. Thus, if e≠iĤndt can be
evaluated via a Chebychev expansion, so can e≠iGndt, with the same expansion coe�cients.

The complete numerical scheme for evaluating Ò·
(k)
nl is shown in Fig. 1 (a). It starts at the

bottom left with the initial state |„kÍ. This state is forward-propagated using the values ‘
(i≠1)
nl for

the l’th control and the n’th time step, where the superscript (i ≠ 1) indicates the guess for the
current iteration (i). The propagation continues to the final state |�k(T )Í. All of these propagated
states must be stored in memory. After the forward-propagation ends, we initialize an extended state
|‰̃k(t = tNT = T )Í = [0, . . . 0, |„tgt

k Í]T , consisting of a zero block for each of the L controls ‘l(t) and the
target state for the objective (k) in the bottom block. This extended state is backward-propagated as
|‰̃k(tn≠1)Í = e≠iGú

ndtn |‰̃k(tn)Í with a negative time step dtn. In the full block-form of the extended
state and generator, each propagation step is defined as

Q
ccca

|‰̃k1(tn≠1)Í
...

|‰̃kL(tn≠1)Í
|‰k(tn≠1)Í

R
dddb =

Q
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ˆÛ†
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ddddb
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WWWWWWU

≠i

Q
cccccca

Ĥ†
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n

0 Ĥ†
n . . . 0 Ĥ(2)†

n

...
. . .

...

0 0 . . . Ĥ†
n Ĥ(L)†

n

0 0 . . . 0 Ĥ†
n ,

R
ddddddb

dtn

T
XXXXXXV

Q
ccca

0
...
0

|‰k(tn)Í

R
dddb , (9)

which is the backward version of the forward step defined in Eqs. (4–6). After each step in the backward
propagation, we calculate the nl’th component of the gradient of ·k with respect to the control values,

Ò·
(k)
nl © (Ò·k)nl = È‰̃kl(tn≠1) | �k(tn≠1)Í , (10)

Accepted in Quantum 2022-12-01, click title to verify. Published under CC-BY 4.0. 6

Goerz et al. Quantum 6, 871 (2022)

Yao Community Seminar:
https://youtu.be/MQCILD2P89c
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Performance
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Benchmark for Chebychev Propagator – Large Hilbert Space
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dense matrices (N = 1000); propagation over 1000 time steps (randomized pulses)

Fortran (gfortran)
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Julia
Julia (GPU)
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Benchmark for Chebychev Propagator – Large Hilbert Space (sparse)
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sparse matrices (N = 1000); propagation over 1000 time steps (randomized pulses)
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Julia
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Benchmark for Chebychev Propagator – Small Hilbert Space

Michael Goerz goerz@qubit-social.xyz 25 / 26

Quantum Dynamics and Control with QuantumControl.jl

10 12 10 11 10 10 10 9 10 8 10 7 10 6 10 5 10 4

precision (absolute error)

0

5

10

15
ru

nt
im

e 
(m

illi
se

co
nd

s)
dense matrices (N = 10); propagation over 1000 time steps (randomized pulses)

Fortran (gfortran)    
Fortran (ifort)
Julia
Julia (StaticArrays)



UNCLASSIFIED

Conclusions

Michael Goerz goerz@qubit-social.xyz 26 / 26

Quantum Dynamics and Control with QuantumControl.jl



UNCLASSIFIED

Outlook
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time
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ro
l a

m
pl

itu
de piecewise-constant pulses

⇒ parametrized continuous controls

ε(t) = ε({un}, t)

Adapt to experimental constraints on controls

No PWC error: use DifferentialEquations as Propagator

Specialized quantum control methods: CRAB, GROUP, GOAT, etc.

But: local traps, controllability issues


