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the software toolbox
Modeling

Simulation & Optimization

QNET

QDYN

Design and analysis of photonic
circuit models
•
•
•
•
•

QHDL model
SLH formalism
symbolic quantum algebra
circuit component library
visualization

high performance quantum
simulation and optimal control
•
•
•
•

yields Master equation of quantum
network

Fortran

Spectral methods
Chebychev/Newton propagator
Krotov’s method
Grape/LBFGS

Solves equation of motion and
control problems

https://github.com/mabuchilab/qnet

https://github.com/goerz/qdynpylib
http://bitly.com/agkoch-kassel

QSD

Python
Ecosystem

https://github.com/mabuchilab/qsd-mpi

clusterjob

jupyter

Drive HPC compute jobs

sympy

https://github.com/goerz/clusterjob

matplotlib
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numerical optimal control
optimization functional
d
1 X tgt
JT = 1 − 2
φ
φk (T )
d k=1 k

2

−→ 0

iterative scheme: (0) (t) → (1) (t)
Applications:
state preparation
quantum gates, entanglement creation
robustness to qu. and classical noise
performance bounds (QSL,
parameter exploration)
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mapping the design parameter landscape of cQED
PHYSICAL REVIEW A 75, 032329 !2007"

BLAIS et al.

FIG.
1. !Color
online"
Layout
lumped element
version of
[Blais
et al,
PRA
75,and032329
(2007)]
circuit QED. Two superconducting charge qubits !green" are fabricated inside the superconducting 1D transmission line resonator
!blue".

transmon qubits:
optimal system
parameters?

resonator !Sec. V". This type of approach was also discussed
in Refs. #14,29$ and here we will present various mechanisms to tune this type of interaction. The dispersive regime
that is the basis of the schemes relying on virtual excitations
of the resonator can also be used to create probabilistic entanglement due to measurement. This is discussed in Sec. VI.
Next, we consider gates that are based on real photon population of the resonator !Sec. VII". For these gates, selection
rules will set some constraints on the transitions that can be
used. Finally, we discuss a gate based on the geometric phase
which was first introduced in the context of ion trap quantum
computation #46,47$.
Before moving to two-qubit gates, we begin in Sec. II
with a brief review of circuit QED and, in Sec. III, with a
discussion of single-qubit gates. A table summarizing the expected rates and quality factors for the different gates is presented in the concluding section.

qubit
frequency,
anharmonicity

Multiple superconducting charge qubits can be fabricated
in the space between the center conductor and the ground
planes of the resonator. As shown in Fig. 1, we will consider
the case of two qubits fabricated at the two ends of the resonator. These qubits are sufficiently far apart that the direct
qubit-qubit capacitance is negligible. Direct capacitive coupling of qubits fabricated inside a resonator was discussed in
Ref. #29$. An advantage of placing the qubits at the ends of
the resonator is the finite capacitive coupling between each
qubit and the input or output port of the resonator. This can
be used to independently dc bias the qubits at their charge
degeneracy point. The size of the direct capacitance must be
chosen in such a way as to limit energy relaxation and
dephasing due to noise at the input-output ports. Some of the
noise is however still filtered by the high-Q resonator #14$.
We note, that recent design advances have also raised the
possibility of eliminating the need for dc bias altogether #17$.
In the two-state approximation, the Hamiltonian of the jth
qubit takes the form
Hq j = −

Eel j
2

$x j −

EJ j
2

$z j ,

!2.2"

where Eel j = 4EC j!1 − 2ng j" is the electrostatic energy and EJ j
= EJmaxcos!%& j / &0" is the Josephson coupling energy. Here,
j
EC j = e2 / 2C' j is the charging energy with C' j the total box
capacitance. ng j = Cg jVg j / 2e is the dimensionless gate charge
with Cg j the gate capacitance and Vg j the gate voltage. EJmax is
j
the maximum Josephson energy and & j the externally applied flux with &0 the flux quantum. Throughout this paper,
the j subscript will be used to distinguish the different qubits
and their parameters.
II. CIRCUIT QED
With both qubits fabricated close to the ends of the resonator !antinodes of the voltage", the coupling to the resonator
A. Jaynes-Cummings interaction
is maximized for both qubits. This coupling is capacitive and
In this section, we briefly review the circuit QED archidetermined by the gate voltage Vg j = Vgdc + VLC, which conj
tecture first introduced in Ref. #14$ and experimentally studtains both the dc contribution Vgdc !coming from a dc bias
j
ied in Refs. #3,15–17$. Measurement-induced dephasing was
applied
to
the
input
port
of
the
resonator"
and a quantum part
theoretically studied in Ref. #18$. As shown in Fig. 1, this
Ref. #14$, theNetworks
Hamiltonian of the circuit of
Michael
Goerzof a •
Stanford/ARL
• #1,48,49$
Optimal VControl
for Quantum
LC. Following
system consists
superconducting
charge qubit

qubit-cavity
coupling,
detuning
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tanglement due to measurement. This is discussed in Sec. VI.
Next, we consider gates that are based on real photon population of the resonator !Sec. VII". For these gates, selection
rules will set some constraints on the transitions that can be
used. Finally, we discuss a gate based on the geometric phase
which was first introduced in the context of ion trap quantum
computation #46,47$.
Before moving to two-qubit gates, we begin in Sec. II
with a brief review of circuit QED and, in Sec. III, with a
discussion of single-qubit gates. A table summarizing the expected rates and quality factors for the different gates is presented in the concluding section.
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FIG. 1. Schematic representation
quantum
transmission between two atoms in optical cavities connected
by a quantized transmission line (see text for explanation).
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[Gough, James]

†
†
Ĥ = Ĥ1 + Ĥ2 + iκ(â
√ 1 â2 − â1 â2 )
Lindblad operator 2κ(â1 + â2 )
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inherently dissipative (at the same scale as interactions!)
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quantum trajectories
Quantum trajectory: specific realization of an evolution in
Hilbert space, and (bath) measurement record

Michael Goerz

•

Stanford/ARL

•

Optimal Control for Quantum Networks

9 / 18

quantum trajectories
Quantum trajectory: specific realization of an evolution in
Hilbert space, and (bath) measurement record
homodyne/heterodyne measurement
⇒ Itô Calculus, QSDE
photon counting ⇒ quantum jumps
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⇒ Itô Calculus, QSDE
photon counting ⇒ quantum jumps

. . . or a numerical tool for the ensemble dynamics!
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quantum trajectories
Quantum trajectory: specific realization of an evolution in
Hilbert space, and (bath) measurement record
homodyne/heterodyne measurement
⇒ Itô Calculus, QSDE
photon counting ⇒ quantum jumps

. . . or a numerical tool for the ensemble dynamics!
(in lieu of master equation)
ensemble dynamics
N→∞
1 X
ρ̂(t) =
|Ψn (t)i hΨn (t)|
N n=1

D

Michael Goerz
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N→∞
E
E
h
i
1 X D
†
Ô(t) = tr ρ Ô(t) =
Ô(t)
N n=1
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the quantum jump (MCWF) method
for each trajectory |Ψn i:

[Dum et al. PRA 4879 (1992); Mølmer et al. JOSAB 10, 524 (1993)]
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P †
effective Hamiltonian Heff = Ĥ − i~2 i L̂i L̂i
random number r ∈ [0, 1), propagate until
hΨ(tj )|Ψ(tj )i = r .
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P †
effective Hamiltonian Heff = Ĥ − i~2 i L̂i L̂i
random number r ∈ [0, 1), propagate until
hΨ(tj )|Ψ(tj )i = r .
Apply an instantaneous quantum jump
|Ψ(tj )i → L̂n |Ψ(tj )i use L̂n with relative probability
†
hΨ(tj )|L̂n L̂n |Ψ(tj )i.
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|Ψ(tj )i → L̂n |Ψ(tj )i use L̂n with relative probability
†
hΨ(tj )|L̂n L̂n |Ψ(tj )i.
After the jump, normalize |Ψ(tj )i, draw a new random
number r ∈ [0, 1) and continue the propagation.
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methods of optimal control – gradient-free
gradient-free: relies only on evaluation of functional
use e.g. Nelder-Mead simplex
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n be stated as follows: given a system
miltonian H depending on some control
th j ¼ 1; . . . ; NC , the goal is to find the
ce (pulse shape) that extremizes a given
for instance, the final system energy,
anglement. We then start with an initial
d look for the best correction that has a
in a given functional basis. As an exhere we focus on the case where the
form cj ðtÞ ¼ c0j ðtÞfj ðtÞ, and the funcimply expressed in a truncated Fourier
on the expansion coefficients a~ j ¼ akj
particular, in the following, we start
atz, e.g., an exponential or linear ramp,
correction of the form

trap, and then a periodic lattice potential is slowly ramped
up, inducing a quantum phase transition to a Mott insulator.
This is the enabling step for a wide range of experiments,
from transport or spectroscopy to quantum information
processing [19]. In most of these applications, it is essential
to achieve the lowest possible number of defects in the final
state, that is, to reach exactly a final state with fixed number
of atoms per site, e.g., unit filling. Up to now, this has been
pursued by limiting the process speed—the superfluidMott insulator transition has been performed in about a
hundred milliseconds, with a density of defects typically of
the order of 10% [20].
Cold atoms in an optical lattice can be described by the
Bose-Hubbard model defined by the Hamiltonian [19,21]

methods of optimal control – gradient-free
gradient-free: relies only on evaluation of functional
use e.g. Nelder-Mead simplex
CRAB: truncate the search space

þ

X
k

"
Ak sinð!k tÞ þ Bk cosð!k tÞ :

(1)

M, !k ¼ 2"kð1 þ rk Þ=T are ‘‘randormonics, T is the total time evolution,
om numbers with a flat distribution, and
on constant to keep the initial and final
es fixed. The optimization problem is
as the extremization of a multivariable
Bk g; f!k Þg, which can be numerically
suitable method, e.g., steepest descent
ent [17]. When using CRAB together

[Doria et al, PRL 106, 190501 (2011)]

FIG. 1 (color online). (a) An initial guess pulse c0 ðtÞ is used as
~ for the case a~ ¼ fa1 ; a2 g
a starting point. (b) The function F ðaÞ
and the initial polytope (white triangle) are defined and moved
‘‘downhill’’ [darker gray (red) triangles] until convergence is
reached. (c) The final point is recast as the optimal pulse cðtÞ.

190501-2
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methods of optimal control – gradient-based
typicalD functional: JT ({τ
E k }),
τk = k tgt Û(T , 0) k
Grape/LBFGS: use gradient

|11i

Ô |11i

|10i

Ô |10i
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Ô |01i

|00i

∂JT
∂j

t0

Ô |00i
t

T

[Khaneja et al, JMR 172, 296 (2005); de Fouquiéres et al, JMR 212, 412 (2011)]
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∂ Ûj
φk (tj ) ,
∂j

Krotov’s method: constructive pulse update
(time-continuous)
∆(t) ∝

N
X

*
(i)

χk (t)

k=1

∂ Ĥ
∂ φ(i+1) (t)
(i+1) (t)

+

!
(i+1)

φk

(t) ;

E
∂JT
(i)
χk (T ) = −
∂ hφk |

(i)

φk (T )

[Zhu et al, JCP 108, 1953 (1998); Palao, Kosloff, PRA 68 062308 (2003);
Reich et al, JCP 136, 104103 (2012)]
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JT ,sm

1 X
= 2
τk
N
k

JT ,re =

Michael Goerz

•

1
Re
N

X

Stanford/ARL

k
•

2

∂JT ,sm
→−
∂ hφk |

τk →

−

(i)
φk (T )

∂JT ,re
∂ hφk |

=

(i)
φk (T )
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1 X
τl
N2

!
k tgt ,
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1
k tgt
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optimal control solution for state transfer
density matrix optimization: |10ih10| → |01ih01|
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outlook

optimization error

“Hybrid optimization” (combine gradient-free and
gradient-based methods); pulse smoothing
10-1

JTgeo (direct)
JTgeo (pre-opt.)
JTsm (direct)
JTsm (pre-opt.)

10-2
10-3
10-4
10-5
100

101

102
OCT iteration

103

[Goerz et al, EPJ Quantum Tech. 2, 21 (2015)]

Optimize with non-Hermitian Hamiltonian
Ĥeff = Ĥ −

i~ X †
L̂i L̂i
2
i

for weak dissipation and unitary
D target
E
†
Optimize dark state condition L̂ L̂ = 0
[Palao et al, PRA 77, 063412 (2008)]

⇒ Second order Krotov, inhomogeneous bw-propagation
[Reich et al, JCP 136, 104103 (2012)]
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summary & conclusion
Quantum trajectories are highly scalable approach to
simulating open quantum systems (MPI!)
Toolbox: QNET (Stanford) and QDYN (Kassel)
Krotov’s method allows for trajectory optimization
(for any large open quantum system, not just networks)

Grape/LBFGS: open question
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