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Introduction: numerical optimal control

Control Problem

Find a time-dependent control (e.g. laser pulse) that steers the system
towards some desired goal (e.g. quantum gate)
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Introduction: numerical optimal control

Control Problem

Find a time-dependent control (e.g. laser pulse) that steers the system
towards some desired goal (e.g. quantum gate)

m define optimization functional

m for a guess pulse, solve the equation of motion numerically

m modify control pulse to improve value of optimization functional
/ YANG v\

. OCT old

Iteration

new

m “optimal”: not limited to simple intuitive schemes,
operate at the quantum speed limit
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Gate optimization

CPHASE = diag(—1,1,1,1)

) ) 9

CNOT =

O O O
O O = O
= O OO
o= OO
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Gate optimization

CPHASE = diag(—1,1,1,1)  Goal: Maximize

d
Fe g om(v

1 0 0O
01 0O
CNOT =
0 0 01 Two-qubit gates: d =4
0 010
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Gate optimization

CPHASE = diag(—1,1,1,1)  Goal: Maximize

d
Fe g om(v

1000
01 0O
CNOT =
0 0 01 Two-qubit gates: d =4
0 010
2.A ‘ lll(t)>
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In the real world: decoherence



OCT for open quantum systems

, ) 0p i )
A(T) = D(p(0)); for example a—’t) = é[H’p] + Lp(p)
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OCT for open quantum systems

, A 0p i )
A(T) = D(p(0)); for example 87/; = %[H,p] + Lp(p)

Lift F = 2 27, Re (v,

OTISLAJ(T, 0, e)IA3 ‘ \Il,-> to Liouville space.

Kallush & Kosloff, Phys. Rev. A 73, 032324 (2006),
Ohtsuki, New J. Phys. 12, 045002 (2010)
Schulte-Herbriiggen et al., J. Phys. B 44, 154013 (2011),
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OCT for open quantum systems

, A 0p i )
A(T) = D(p(0)); for example a—f = %[H,p] + Lp(p)

Lift F = 2 27, Re (v,

OTISLAJ(T7 0, e)IAD ‘ \Il,-> to Liouville space.

Kallush & Kosloff, Phys. Rev. A 73, 032324 (2006),
Ohtsuki, New J. Phys. 12, 045002 (2010)
Schulte-Herbriiggen et al., J. Phys. B 44, 154013 (2011),

= F= 5> tr[07(0)0" 55(T)]
Jj=1
100 0 010 0 0010
. 000 O . 00 0 0 . lo o oo
Pr=10 0 0o o> 2”7 lo o 0o o]l " lo o o ol
000 O 000 O 000 O

d? matrices to propagate! (16 for two-qubit gate)
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OCT for open quantum systems

A

HT)=DGO):  for example 7 = A, 7] + Lo(p)

v; OTISIAJ(T, 0, e)IA3 ‘ \Il,-> to Liouville space.

Kallush & Kosloff, Phys. Rev. A 73, 032324 (2006),
Ohtsuki, New J. Phys. 12, 045002 (2010)
Schulte-Herbriiggen et al., J. Phys. B 44, 154013 (2011),

We only need to propagate three matrices (independent of d),
instead of d?.
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(@ Do we stay in the logical subspace?

1000
. 1lo 100
Ps=7210 0 1 0

000 1
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(@ Do we stay in the logical subspace?
(@ Are we unitary, and if yes, did we implement the right gate?

1000
. 1lo 100
Ps=7210 0 1 0

000 1
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(@ Do we stay in the logical subspace?
(@ Are we unitary, and if yes, did we implement the right gate?

8 00 0 1000
. 1[0 6 00 . 1[0 100
PP=% 10 0 4 of’ PP=%10 0 1 0
000 2 000 1
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(D Do we stay in the logical subspace?

(@ Are we unitary, and if yes, did we implement the right gate?

8 0 0 O 1 0 0O
A_i0600 A_10100
=% 100 4 of PB=%lo o010

0 0 0 2 0 0 01
E.g O =diag(—1,1,1,1); _

For U = diag(ei¢°°7 ei¢01, ei¢1o, el¢>11)
using just pr will not distinguish U from O. (lAJﬁllAJT = f)f)lf)T =)
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A reduced set of density matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(D Do we stay in the logical subspace?

(@ Are we unitary, and if yes, did we implement the right gate?

8 0 0 O 11 11 1 0 0 O
. 1loeoo| . 1|t111|,. 1]lo100
PP=% 1004 0’ 4|1 111’7 40010
0 0 0 2 1 111 0 0 01
E.g O=diag(-1,1,1,1); _
For U = diag(ei¢°°7 ei¢01, el¢1o, el¢>11)
using just pr will not distinguish U from O. (lAJﬁllAJT = f)f)lf)T =)
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Efficient gate optimization in Liouville space

Optimization States

8 0 0 O 1 1 1 1 1 0 00
. 110 6 00 . 111 1 11 . 110 1.0 0
=% (o 04 of 72111 1) 2f0oo010
0 0 0 2 1 1 1 1 0 0 0 1
populations phases subspace

=13 ey v [0 70" Dlj]

m Allow for different weights (3 w; = 1)
m Jr =0 iff for all p;: D[p;] = target state
= implemented unitary gate 0.
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Example 1

Optimization of a Diagonal Gate
using Rydberg Atoms
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Two trapped neutral atoms

Single-qubit Hamiltonian

In the RWA:
0 0 1Qg(t) 0
~ 0 E1 0 0
= %QR(t) 0 Aq EQB(t)
0 0 1Qs(1) 0
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Two trapped neutral atoms

Single-qubit Hamiltonian

In the RWA:
0 0 1Qg(t) 0
~ 0 E1 0 0
= %QR(t) 0 Aq EQB(t)
0 0 1Qs(1) 0

Two-qubit Hamiltonian
|:|2q = I:Ilq RILI+1® I:Ilq—U |rr) (rr|

Dipole-dipole interaction when both atoms in Rydberg state.

Only diagonal gates!
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Optimization of a Rydberg gate

0.20 r I T ]
1=25ns, T=75ns ) ]
— full basis ]
0.15} .
5 I 1
o 1
(] L i
g I 1
[@)] L 4
0.10F .
i | | 1
0.05 10 20 30 40 50

OCT iteration
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Optimization of a Rydberg gate

0.20r T I i
1=25ns, T=75ns . ]
— full basis ]
— 3 states ]
0.15} .
§ [ ]
@ r 1
_g L 1
© H i
o L 4
0.10f .
L
0'050 10 20 30 40 50
OCT iteration
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Diagonal gates

r)
Qs (t) no coupling between |0), |1)
U _ diag(ei%o’ ei¢>01’ ei¢1o’ ei¢11)
T =25ns ]QR(t) ) only diagonal gates are possible
0)
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Diagonal gates

r)
Qs (t) no coupling between |0), |1)
i 0 — di‘—ig(ei%o7 ei¢>01’ ei¢1o’ ef¢11)
T =25ns ZQR(t) ) only diagonal gates are possible
0)

8 0 0O 1111 1000
A_i0600A_11111A_10100
A= lo0 0 4 o741t 11 1["P7%0oo0 10

0 0 0 2 1 111 0 0 01
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Diagonal gates

r)
Qs (t) no coupling between |0), |1)
H 0 _ di‘.ig(ei%o7 ei¢>01’ ei¢1o’ ef¢11)
T =25ns ZQR(t) ) only diagonal gates are possible
0)

111 1 1000
1111 . 1flo100
111 1]'”272]l0010
111 1 000 1

Michael Goerz e Uni Kassel e Efficient OCT for a Unitary under Dissipation 11/20



Optimization of a Rydberg gate

0.20r T I }
1=25ns, T=75ns . ]
— full basis ]
— 3 states ]
0.15} .
§ [ ]
@ r 1
_g L 1
© H i
o L 4
0.10f .

L |

0'050 10 20 30 40 50
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Optimization of a Rydberg gate

0.20r T I }
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Optimization of a Rydberg gate

0.20r T T j

r 1=25ns, T=75ns . ]

r — full basis ]

A — 3 states ]

2 states ]

[l 2 states (weighted)

0.15[ ]

5 I ]

s [ ]

9 L J

= r ]

o L 4
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Optimization of a Rydberg gate — asymptotic behavior

I I
1=25ns, T=75ns

— full basis

10 — 3 states

gate error

2 states
2 states (weighted)

| | |
0 200 400 600
OCT iteration
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Example 2

Optimization of a non-diagonal gate
using transmon qubits
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Two coupled transmon qubits

-

‘,gcx\/?

=K

;@C‘@ -]

= ==

\(“S—& =
A. Blais et al. PRA 75, 032329 (2007)

Cavity mediates
m driven excitation of qubit

m interaction between left and right

qubit

left qubit right qubit

— / I3)
eff

/ 12) Ji 12)

< /

1) 1)

/ Fe(t) /gf”e( t)
|0)

0)
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Two coupled transmon qubits

Cavity mediates

m driven excitation of qubit

m interaction between left and right
qubit

-3
I e == -
RN
A. Blais et al. PRA 75, 032329 (2007)

left qubit right qubit
Many gates possible, e.g.

) 3 V/ISWAP.
/ 13 p / N i

|2) 1 0 0 O
1 i
RV o- 0% %0
/ieffe(t) gjefFE(t) 0 0 0 1
|0)

0)
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Optimization of a transmon gate

10°%r T
r full basis

210 7

5 i

(0]
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OCT iteration
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Optimization of a transmon gate

10°%r T
L full basis
\\ — — — 3 states
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Optimization of a transmon gate

100 r [ ]
L full basis j
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Optimization of a transmon gate — CPU time

100 r T T T T T
1 full basis
— — — 3 states
----- 3 states (weighted)
2107 \\ =
5 r
q’ \
T \
o \
\
\
AN
\
N ~
107 ‘ ~e i
L R R P R Ll L]
0 1000 2000 3000 4000 5000 6000

number of propagations (equivalent to CPU time)
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Optimization of a transmon gate — CPU time

10°f T

full basis
— — — 3 states
----- 3 states (weighted)
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Using pure states only

8 000 111 1 100 0
- 1loe6 00|l . 11 111] . 1]l0o100
PP=% 10 0 4 o741 11 11’ 4|00 10

000 2 111 1 000 1
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Using pure states only
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optimization of a transmon gate — CPU time

10°f T

full basis
— — — 3 states
----- 3 states (weighted)
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optimization of a transmon gate — CPU time
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Conclusion

m A set of three density matrices is sufficient for gate

optimization: (independent of dimension of Hilbert space!)
m one to check dynamical map on subspace
m one to check the basis
m one to check the phases

m Further reduction possible for restricted systems

m States can (should!) be weighted according to physical
interpretation
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Conclusion

m A set of three density matrices is sufficient for gate

optimization: (independent of dimension of Hilbert space!)
m one to check dynamical map on subspace
m one to check the basis
m one to check the phases

m Further reduction possible for restricted systems
m States can (should!) be weighted according to physical
interpretation

= Gate optimization in open quantum systems with large
Hilbert spaces have become significantly more feasible.

Reference:

M. H. Goerz, D. M. Reich, C. P. Koch. arXiv:1312.0111.
In press: New Journal of Physics (special issue)
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Conclusion

m A set of three density matrices is sufficient for gate

optimization: (independent of dimension of Hilbert space!)
m one to check dynamical map on subspace
m one to check the basis
m one to check the phases

m Further reduction possible for restricted systems

m States can (should!) be weighted according to physical
interpretation

= Gate optimization in open quantum systems with large
Hilbert spaces have become significantly more feasible.

Reference:

M. H. Goerz, D. M. Reich, C. P. Koch. arXiv:1312.0111.
In press: New Journal of Physics (special issue)

Thank you
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Optimized dynamics of the Rydberg gate

population
o
T

1 | | | | ]
B — 00
— 10
) — Or
I'r
B — int
| Ind L

o

field (rel. units)

time (ns)
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with dissipation, full basis with dissipation, two states ( welghted)

1 1 1 1
c | — 00 c — 00
.% — 10 % — 10
Z 05 — or Z 05 — or
53 m 53 m
Bl @Q@ —m| cng@ —in

0 [ 0 | [
2 2
£ 1 £ 1
S | S L
Zos- Zos-
o L ° L
T T

% 40 % — 40

time (ns) time (ns)
without dissipation, full basis without dissipation, two states (weighted)

1 T T - I— T T -
c L — 00 c | — 00
»% — 10 % — 10
= 0.5 — Or = 05— — Or
a m a
Q . Q
e T — int =

0
g [ ‘ 0
5 7 — Q.0 5
T -- guess T
Sos- Zo.
bl L - QB(t) kel
T T
= | =

0 20 40 20

time (ns) time (ns)
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Two Coupled Transmon Qubits

A. Blais et al. PRA 75, 032329 (2007)

J. Koch et al. PRA 76, 042319 (2007)
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Two Coupled Transmon Qubits

A. Blais et al. PRA 75, 032329 (2007)

J. Koch et al. PRA 76, 042319 (2007)

Full Hamiltonian
a A PP 1 APASA A AP ABA A
A=wa'a +W1b1b1 aF W2b;b2 = 5(a1b1b1b1b1 aF azb;blbzbz) IF
I g1(BJ1fé +bat) + gz(f);ﬁ + bya") + ¢*(1)a + (t)al

® ®
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Effective Hamiltonian

Ng—

eff— Z Z q)+X(q) n _|_ Z Z geff (t)(€] (q)_|_é’f(q))
qg=1,2 =0 q=1,2 =0
ZJeff +(2) +é,-'i_(1)éj_(2)).
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Effective Hamiltonian

Ng—
= 3 3 G000+ Y 6 e
qg=1,2 =0 q=1,2 =0
ZJeff +(2) _i_é’fr(l)éj— (2)).
with
m w:(q) = iwg — 3(i* = i)ag, gi(q) = Vig,
=~ (q) N at(a) Ny
m 7 =[], € 7 =I[H{i-1],
( I_(q))2
" X" = G —
£ (a)
" g @ = (q)_g'<q> -
(w;"=w;Z) —we)

fF 1 (2
- J;ff:%g’? (l)gj&)‘i‘égf ()g,-()

Michael Goerz e Uni Kassel e Efficient OCT for a Unitary under Dissipation

24/20



IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz
qubit frequency wy 4.6137 GHz
drive frequency wy 4.4985 GHz
anharmonicity a; -239.3 MHz
anharmonicity ap -242.8 MHz
effective qubit-qubit coupling J -2.3 MHz
qubit 1,2 decay time T3 38.0 ps, 32.0 ps
qubit 1,2 dephasing time T 29.5 ps, 16.0 ps

Effective Hamiltonian

A = Z <(w,§q) + ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? (q) + C,_— (q)) n Jij‘ff(ci_ (l)é;r (2) + C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0
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IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz

qubit frequency w> 4.6137 GHz m Near resonance of
drive frequency wy 4.4985 GHz a1 with w — ws
anharmonicity a; -239.3 MHz

anharmonicity ap -242.8 MHz

effective qubit-qubit coupling J -2.3 MHz

qubit 1,2 decay time T3 38.0 ps, 32.0 ps

qubit 1,2 dephasing time T 29.5 ps, 16.0 ps

Effective Hamiltonian

A = Z <(w,§q) + ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? (q) + C,_— (q)) n Jij‘ff(ci_ (l)é;r (2) + C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0
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IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz

qubit frequency wy 4.6137 GHz = Near resonance of
drive frequency wy 4.4985 GHz a1 with w — ws
anharmonicity a; -239.3 MHz .

anharmonicity ap -242.8 MHz " smgle frequency
effective qubit-qubit coupling J 2.3 MHz g;‘t";ef;“:\fvfd
qubit 1,2 decay time T3 38.0 ps, 32.0 ps bits

qubit 1,2 dephasing time T 29.5 ps, 16.0 ps au

Effective Hamiltonian

A = Z ((wlgw 4 ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? () o (q)) I Jij'ff(ci_ (l)é;r () 4 C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0
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Transmon Optimized Pulse

s : e Ao
N = O = DNDOOOO

oL

field
phase ()

S

S

7300 400

(=)
—
=]
S
[V}
Sk
(=)

cooo
O RN —

400" 3300000 —100 0100500
frequency (MHz)

spectrum
(arb. units)
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Transmon Population Dynamics
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