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The Problem of Robustness

Problem

Problem of real world quantum engineering: Robustness

m Robustness with respect to decoherence P
= Liouville space QM
m Robustness with respect to experimental g

fluctuations and uncertainties
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The Problem of Robustness

Problem
Problem of real world quantum engineering: Robustness

m Robustness with respect to decoherence P
= Liouville space QM
m Robustness with respect to experimental g

fluctuations and uncertainties

Analytical solutions? Probably not, in most cases!

= Optimal Control
m find controls at the quantum speed limit (avoid decoherence)

m ask for robustness explicitly in the optimization

m Optimize in Liouville space. . . efficiently?
m Optimize over ensembles of Hamiltonians
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Gate Optimization for Open Quantum Systems
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Gate Optimization for Open Quantum Systems
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Lift Jr =1— — Z%e <\IJ,- O U(T,0,¢) \IJ,-> to Liouville space.
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Gate Optimization for Open Quantum Systems

Qubits
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d? matrices to propagate! (16 for two-qubit gate)
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Gate Optimization for Open Quantum Systems
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d i—1 Kallush & Kosloff, PRA 73, 032324 (2006),
Schulte-Herbriiggen et al., JPB 44, 154013 (2011),
Ohtsuki, NJP 12, 045002 (2010), ...
d2
1 A o
S =15 ) e [tr [o 5(0)0" ﬁj(T)H
j=1

We only need to propagate three matrices (independent of d),
instead of d?.
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A Reduced Set of Density Matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented
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A Reduced Set of Density Matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(@ Do we stay in the logical subspace?

(@ Are we unitary, and if yes, did we implement the right gate?

8 00 0 1000
. 1[0 6 00 . 1[0 100
PP=% 10 0 4 of’ PP=%10 0 1 0

000 2 000 1
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A Reduced Set of Density Matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(D Do we stay in the logical subspace?

(@ Are we unitary, and if yes, did we implement the right gate?

8 0 0 O 1 0 0O
A_i0600 A_10100
=% 100 4 of PB=%lo o010

0 0 0 2 0 0 01
Eg O=diag(-1,1,1,1);

For U = diag(ei¢°°7 ei¢01, el¢1o, el¢>11)
using just pr will not distinguish U from O. (lAJﬁllAJT = f)f)lf)T =)
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A Reduced Set of Density Matrices

No need to characterize the full dynamical map! — much less
information required to assess how well a desired unitary is implemented

(D Do we stay in the logical subspace?

(@ Are we unitary, and if yes, did we implement the right gate?

8 0 0 O 11 11 1 0 0 O
. 1loeoo| . 1|t111|,. 1]lo100
PP=% 1004 0’ 4|1 111’7 40010
0 0 0 2 1 111 0 0 01
E.g O =diag(—1,1,1,1);
For U = diag(e"¢°07 ei¢01, ei¢10, ei¢11)
using just pr will not distinguish U from O. (lAJﬁllAJT = f)f)lf)T =)
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Efficient Gate Optimization in Liouville Space

Optimization States

8 0 0 O 1 1 1 1 1 0 00
. 110 6 00 . 111 1 11 . 110 1.0 0
=% (o 04 of 72111 1) 2f0oo010
0 0 0 2 1 1 1 1 0 0 0 1
populations phases subspace

Functional
3

Jr=1-% tr[ﬁvaﬁm [x 080" 2151]]

Jj=1

m Allow for different weights (3 w; = 1)
m Jr =0 if and only if V p;: D[p;] = target state
= implemented unitary gate 0.
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Example 1
Optimizing for Robustness

under Dissipation
for a Transmon Gate
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Two Coupled Transmon Qubits

Cavity mediates
m driven excitation of qubit

m interaction between left and right
qubit

g\ A. Blais et al. PRA 75, 032329 (2007)
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Two Coupled Transmon Qubits

Cavity mediates
m driven excitation of qubit

m interaction between left and right
qubit

A. Blais et al. PRA 75, 032329 (2007)

Effective Hamiltonian

Ny—1 Ny—
Aer = Z(w@ 9 YA 3 Z £ @e(r)(E @) | g (@)
q=1,2 i=0 g=1.2 i=0
ZJeff - +(2)+(":7—(1)éj—(2))-
2 (9) N at(@ .
with & = g — 1 = g, A = li)(il,, €@ =1i)ti - 1l,
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Two Coupled Transmon Qubits

A. Blais et al. PRA 75, 032329 (2007)

m driven excitation of qubit

Cavity mediates

m interaction between left and right

qubit

Effective Hamiltonian

left qubit
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Two Coupled Transmon Qubits

Cavity mediates
m driven excitation of qubit

m interaction between left and right
qubit

A. Blais et al. PRA 75, 032329 (2007)

Optimization Target

Many gates possible, e.g. v iSWAP:

0=

SN

SR
= O O O

1
0
0
0
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Two Coupled Transmon Qubits

Cavity mediates
m driven excitation of qubit

m interaction between left and right
qubit

A. Blais et al. PRA 75, 032329 (2007)

0p i~ A A -
5; = 5 Per 2]+ £5)() + £5)(5)

N—1 N—1
with £8(B) =75 > iD [li = 1)il,] 2+ 9.0 D ViD [JiNil,] 2
i=1 i=0
. Al . aaat g fataL  .ata
with D [A] p=ApA" 1 (A Ap + pA A)
decay time T; = 38.0 ps, 32.0 ps; dephasing time T, = 29.5 ps, 16.0 ps
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Optimization of a Transmon Gate — CPU Time
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C full basis
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number of propagations (equivalent to CPU time)
= Goerz, Reich, Koch. arXiv:1312.0111. In press: NJP
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Optimization of a Transmon Gate — CPU Time
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Optimization of a Transmon Gate — CPU Time
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Using Pure States Only

8 0 0 0 1111 100 0
. 1]loe6o0oo| . 11111, 1]l0o100
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000 2 111 1 000 1
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Using Pure States Only
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Optimization of a Transmon Gate — CPU Time
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Example 2
Optimization for Robustness

under System Fluctuations
for a Rydberg Gate
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Two Trapped Neutral Atoms

Single-qubit Hamiltonian

In the RWA:
0 0 1Qg(1) 0
R 0 E1 0 0
la = %QR(t) 0 Aq %Qg(t)
0 0 1Qs(t) 0
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Two Trapped Neutral Atoms

Single-qubit Hamiltonian

In the RWA:
0 0 1Qg(1) 0
R 0 E1 0 0
la = %QR(t) 0 Aq %Qg(t)
0 0 1Qs(t) 0

Two-qubit Hamiltonian
A=A, ® 1+ 10 Ayg—Ulrr) (|

Dipole-dipole interaction when both atoms in Rydberg state.

Only diagonal gates!
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Analytical Gate Scheme - Jaksch et al. PRL 85, 2208 (2000)

Two trapped Rydberg atoms

left atom right atom

Michael Goerz e Uni Kassel e Efficient OCT for Robust Quantum Gates 13/20



Analytical Gate Scheme - Jaksch et al. PRL 85, 2208 (2000)

Two trapped Rydberg atoms

left atom right atom
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Analytical Gate Scheme - Jaksch et al. PRL 85, 2208 (2000)

Two trapped Rydberg atoms

left atom right atom

Rabi-pulses in three-level systems

m Option 1:

two-photon pulse, adiabatic elimination of level |/). A

m Option 2:
STIRAP. up: _QCL; down: A

= combine both options
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Analytical Gate Scheme - Jaksch et al. PRL 85, 2208 (2000)

Two trapped Rydberg atoms

left atom right atom

Rabi-pulses in three-level systems

m Option 1:

two-photon pulse, adiabatic elimination of level |/). A

m Option 2:
STIRAP. up: A; down: A

= combine both options
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Experimental Fluctuations

Fluctuations:

m Rydberg level ( ) — external fields
m Pulse amplitude (width oq)
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Experimental Fluctuations

R E——
Fluctuations: ?QR(t)
m Rydberg level ( ) — external fields 17) U@

m Pulse amplitude (width o) (

0.98
0.96

© o
© ©
N b

T

oe N

o

=
l

_ — adiabatic elimination :
N -- mixed scheme ]

L S, —_ 1
0.84) \ STIRAP ]

0'80 1 o, (%) 2 3
= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.
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How can OCT improve the robustness?



Optimizing for Robustness

Idea: Ensemble Optimization

Generate set of N Hamiltonians, sampling parameter fluctuations.
Optimize for all Hamiltonians simultaneously.

Michael Goerz e Uni Kassel e Efficient OCT for Robust Quantum Gates 15/20



Optimizing for Robustness

Idea: Ensemble Optimization

Generate set of N Hamiltonians, sampling parameter fluctuations.
Optimize for all Hamiltonians simultaneously.

WI n A ~ At
S ) D o e L (020075, (]}

n=1 j=1

m N: number of realizations I:I,,: N =24
m m: number of states, for each realizations

m m x N density matrix propagations!

%i)i,n(t) - _ih[ﬁn(t)a i)i,n(t)] + ‘CD(i)i,”(t))
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Optimizing for Robustness

Idea: Ensemble Optimization

Generate set of N Hamiltonians, sampling parameter fluctuations.
Optimize for all Hamiltonians simultaneously.

WI n A ~ At
S ) D o e L (020075, (]}

n=1 j=1

m N: number of realizations I:I,,: N =24
m m: number of states, for each realizations ... m = 37
m m x N density matrix propagations!

%i)i,n(t) - _ih[ﬁn(t)a i)i,n(t)] + ‘CD(i)i,”(t))
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Optimizing for Robustness

Idea: Ensemble Optimization

Generate set of N Hamiltonians, sampling parameter fluctuations.
Optimize for all Hamiltonians simultaneously.

WI n A ~ At
S ) D o e L (020075, (]}

n=1 j=1

m N: number of realizations I:I,,: N =24
m m: number of states, for each realizations ... m = 37 Not 16!
m m x N density matrix propagations!

%i)i,n(t) - _ih[ﬁn(t)a i)i,n(t)] + ‘CD(i)i,”(t))
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Diagonal Gates
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no coupling between |0), |1)

U _ diag(ei%o’ ei¢>01’ ei¢1o’ ei¢11)

only diagonal gates are possible



Diagonal Gates

Dy === 1)
Qr(t) no coupling between |0), |1)
| 0 — di‘.ig(ei%o7 ei¢>01’ ei¢1o’ ef¢11)
Qp(t
7 =150 ns /B() only diagonal gates are possible
1)
0)
8 0 0 O 1111 1000
. _ljo6o0o0f , 1f1 1 1 1| ., 1f0o 1 00
A= lo0 0 4 o741t 11 1["»7%l0o0 10
0 00 2 1111 0 001
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Diagonal Gates

Michael Goerz @ Uni Kassel e Efficient OCT for Robust Quantum Gates

= =

no coupling between |0),

1)

0 _ di‘.ig(ei%o7 ei¢>01’ ei¢1o’ ef¢11)

only diagonal gates are possible

[ G T G W

[ T G W

= e

O O o

O O = O

O = OO

= O O O
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Robustness of OCT Pulses

Again: fluctuation of Rydberg level (oryq) and pulse amplitude (ogq).

10— ————
1f —-- best analytic (800 ns)
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= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.
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Robustness of OCT Pulses

Again: fluctuation of Rydberg level (oryq) and pulse amplitude (ogq).
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Robustness of OCT Pulses

Again: fluctuation of Rydberg level (oryq) and pulse amplitude (ogq).

0

100 — "~ 1 T
t —-— best analytic (800 ns)

i
= S, 9o
©

average gate error
[y
OI

= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.

3L -~ - order of magnitude more robust!

‘ =5

L | L
100
0,4 (kHz)

OCT (800 ns)

L - -~ order of magnitude more robust!

2
oy (%)
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Robustness of OCT Pulses

Again: fluctuation of Rydberg level (oryq) and pulse amplitude (ogq).

10— ———— =
af —-- bestanalytic (800 ns) E
10 e 3
10%F et E
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o 10 'E | | | 3
o O 50 100 150
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g 10°
£ af OCT (800 ns) 4
107 —ocT@oons) _____---mmmmooT

2
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= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.
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Optimized Pulses & Dynamics

Pulses and Spectra

Population Dynamics

~a)
g 100 8 L
] 0.8F ]

— 50 1 = 11— 10
3 ] 06r 1 i
2p) 0 0.4] 1--- 1r
20— — ook
g 1oof N ‘

o T~

i 2 5085 ]

: : 296k 1— 01

% 200 400 To6 S
o time ( ns 04 J—=-n
29 4= L (ns) R = 08._0.2; 1
5 8%7 left atom E ot T TN
> oL ]
s 04- 4 - T T T
£ o2- | - 08
° 0 | L | L L | L | -
s d) §= —— —— = 0.6
T 08 right atom ] 04
5 06 E 02"
g 04- = o- T I
g 02- L E 0 200 _ 400 600 800
® 500 1000 500 0 500 1000 1500 Time (ns)

frequency ( MHz )

m no population in decaying
intermediary states

m STIRAP-like population transfer

m interference between pathways
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Conclusion

m Efficiently optimizing for robustness w.r.t. dissipation:
A set of three density matrices is sufficient
(independent of dimension of Hilbert space!)

m one to check dynamical map on subspace
m one to check the basis
m one to check the phases

Further reduction possible for restricted systems!
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Further reduction possible for restricted systems!

m Optimize for Robustness w.r.t. fluctuations in
experimental parameters: ensemble optimization
= Example: highly robust Rydberg gates

Reference:
= Goerz, Reich, Koch. arXiv:1312.0111. In press: NJP
= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.
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m Efficiently optimizing for robustness w.r.t. dissipation:
A set of three density matrices is sufficient
(independent of dimension of Hilbert space!)

m one to check dynamical map on subspace
m one to check the basis
m one to check the phases

Further reduction possible for restricted systems!

m Optimize for Robustness w.r.t. fluctuations in
experimental parameters: ensemble optimization
= Example: highly robust Rydberg gates

Reference:
= Goerz, Reich, Koch. arXiv:1312.0111. In press: NJP
= Goerz, Halperin, Aytac, Koch, Whaley. arXiv:1401.1858.
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Two Coupled Transmon Qubits

A. Blais et al. PRA 75, 032329 (2007)

J. Koch et al. PRA 76, 042319 (2007)
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Two Coupled Transmon Qubits

A. Blais et al. PRA 75, 032329 (2007)

J. Koch et al. PRA 76, 042319 (2007)

Full Hamiltonian
a A PP 1 APASA A AP ABA A
A=wa'a +W1b1b1 aF W2b;b2 = 5(a1b1b1b1b1 aF azb;blbzbz) IF
I g1(BJ1fé +bat) + gz(f);ﬁ + bya") + ¢*(1)a + (t)al

® ®
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Effective Hamiltonian

Ng—

eff— Z Z q)+X(q) n _|_ Z Z geff (t)(€] (q)_|_é’f(q))
qg=1,2 =0 q=1,2 =0
ZJeff +(2) +é,-'i_(1)éj_(2)).
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Effective Hamiltonian

Ng—
= 3 3 G000+ Y 6 e
qg=1,2 =0 q=1,2 =0
ZJeff +(2) _i_é’fr(l)éj— (2)).
with
m w:(q) = iwg — 3(i* = i)ag, gi(q) = Vig,
=~ (q) N at(a) Ny
m 7 =[], € 7 =I[H{i-1],
( I_(q))2
" X" = G —
£ (a)
" g @ = (q)_g'<q> -
(w;"=w;Z) —we)

fF 1 (2
- J;ff:%g’? (l)gj&)‘i‘égf ()g,-()
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IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz
qubit frequency wy 4.6137 GHz
drive frequency wy 4.4985 GHz
anharmonicity a; -239.3 MHz
anharmonicity ap -242.8 MHz
effective qubit-qubit coupling J -2.3 MHz
qubit 1,2 decay time T3 38.0 ps, 32.0 ps
qubit 1,2 dephasing time T 29.5 ps, 16.0 ps

Effective Hamiltonian

A = Z <(w,§q) + ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? (q) + C,_— (q)) n Jij‘ff(ci_ (l)é;r (2) + C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0
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IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz
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qubit 1,2 dephasing time T 29.5 ps, 16.0 ps

Effective Hamiltonian

A = Z <(w,§q) + ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? (q) + C,_— (q)) n Jij‘ff(ci_ (l)é;r (2) + C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0

Michael Goerz e Uni Kassel e Efficient OCT for Robust Quantum Gates 24 /20



IBM Qubit — Poletto et al. PRL 109, 240505 (2012)

qubit frequency wy 4.3796 GHz

qubit frequency wy 4.6137 GHz = Near resonance of
drive frequency wy 4.4985 GHz a1 with w — ws
anharmonicity a; -239.3 MHz .

anharmonicity ap -242.8 MHz " smgle frequency
effective qubit-qubit coupling J 2.3 MHz drive centered
qubit 1,2 decay time T1 38.0 ps, 32.0 s betb".vee" two
qubit 1,2 dephasing time T 29.5 ps, 16.0 ps qubits

Effective Hamiltonian

A = Z ((wlgw 4 ng))ﬁ’(_q) _,’_g;eff (q)e(t)((‘:? () o (q)) I Jij'ff(ci_ (l)é;r () 4 C.C.))
ijq

Master Equation

N—1 N—1
Lo(p) = (w > D [li = 1(il] 2+ 6.0 3 VID [liNily) ﬁ) :
2 i=1

i=0
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Transmon Optimized Pulse

s : e Ao
N = O = DNDOOOO
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field
phase ()
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Sk
(=)
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O RN —

400" 3300000 —100 0100500
frequency (MHz)

spectrum
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Transmon Population Dynamics

(a) T T
L5F right qubit
: IWW\’WVWNW\AW
2
3 0.5F
ERN R e e
9 15F left qubit 3
2 1F E
o
0.5F
O A L I L L
= 1
g 0.8
3 06
204
202
0 Lol amacs AV PRGOSV L. A S AARA
50 100 150 200 250 300 350 4
time (ns)
V(t =0)=|01)
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qubit excitation
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Analytical Gate Scheme

Single-qubit Hamiltonian

In the RWA:
0 0 1Qg(1) 0
Q. — 0 El 0 0
la = %QR(t) 0 Aq %Qg(t)
0 0 1Qs(t) 0
Gate scheme (in blockade regime)
m (left) 27 (right) 7 (left)
|00) — i|r0) = i|r0) — — |00)
|10) — |10) — —|10) — —|10)
oL = ilrL) N iy = —Jon)
|11) — |11) — |11) — |11)
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