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the quantum optimal control problem

quantum technology

steer quantum system in some desired way

€(t)
(W) \ > |WEE) e(t): control field

I

to T
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the quantum optimal control problem

quantum technology

steer quantum system in some desired way

e(t)
(W) e > [WiET) e(t): control field

to T

examples:
m photo-chemistry: form atomic bonds
m medical imaging: orient nuclear spin for max resolution
® quantum networks: prepare non-classical states
m quantum computing: apply logical operation (“gate”)
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optimizing quantum gates

W) = g [0... 1)+ + o |1...1)
——

N qubits

reduce to two-qubit gates: 4 x 4 matrix
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optimizing quantum gates

W) = g [0... 1)+ + o |1...1)
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N qubits

reduce to two-qubit gates: 4 x 4 matrix

W)y = OV) eg.
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optimizing quantum gates

W) = g [0... 1)+ + o |1...1)
——

N qubits

reduce to two-qubit gates: 4 x 4 matrix

W)y = OV) eg.

1000 0l)e— —0OJ01
50100 00)e——— =000
0 001 to T

0010

simultaneous targets (basis states)!
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optimizing quantum gates

W) = g [0... 1)+ + o |1...1)
——

N qubits

reduce to two-qubit gates: 4 x 4 matrix

Implementations:
m trapped atoms
m superconducting circuits
m NV centers
m quantum dots
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logical subspace

e.g. trapped cesium atoms
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logical subspace embedded in larger total Hilbert space!
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numerical optimal control

analytical:

m geometric control — low dimension
m adiabatic schemes (e.g. STIRAP) — slow

® open quantum systems? noise? fundamental limits?
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numerical optimal control

analytical:

m geometric control — low dimension
m adiabatic schemes (e.g. STIRAP) — slow

® open quantum systems? noise? fundamental limits?

numerical:
e(t)
|\U(O)> — e |\|tht>

I |
I 1

to T
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numerical optimal control

analytical:

m geometric control — low dimension
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numerical optimal control

analytical:

m geometric control — low dimension
m adiabatic schemes (e.g. STIRAP) — slow

® open quantum systems? noise? fundamental limits?

numerical:

W) e—e ettt e U

to t1 tp t3 ty ts5 B T

minimize functional Jt

e.g. Jr=1- 5 3 [(WE[wi(T)[
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numerical optimal control

analytical:

m geometric control — low dimension
m adiabatic schemes (e.g. STIRAP) — slow

® open quantum systems? noise? fundamental limits?

numerical:

W) e—e ettt e U

to t1 tp t3 ty ts5 B T

propagation

minimize functional Jr / '\
2
eg Jr=1— 5 S [(VE|wi(T))] oCT
iteration

Ae €
= iterative scheme U

Michael Goerz e Stanford/ARL e optimal control for entangling quantum gates 5/22



Optimization Methods
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gradient-free optimization

€ only evaluate fig. of merit Jr
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gradient-free optimization

€ only evaluate fig. of merit Jr
(1)
€

° | wtgt>
to T

Michael Goerz e Stanford/ARL e optimal control for entangling quantum gates 7/22



gradient-free optimization

€ only evaluate fig. of merit Jr
(1)
€

e

° | wtgt>
to T

Michael Goerz e Stanford/ARL e optimal control for entangling quantum gates 7/22



gradient-free optimization

€ only evaluate fig. of merit Jr
(1)
€

e

|0
to T
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gradient-free optimization

€ only evaluate fig. of merit Jr
e m any Jr
@)
W) e |ute)
to T
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gradient-free optimization

€ only evaluate fig. of merit Jr
e m any Jr
€2 m good for small number of
|\U(°)> L : J |wtgt> control parameters
to T

Eol|-----
€ w
>
time
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gradient-free optimization

€ only evaluate fig. of merit Jr
e m any Jr
€2 m good for small number of
|lII(°)> L : J |wtgt> control parameters
to T

Nelder-Mead simplex:

Eol|-----
€ w
>
time
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gradient-free optimization

€ only evaluate fig. of merit Jr
e m any Jr
€2 m good for small number of
|\U(°)> L : J |wtgt> control parameters
to T

Nelder-Mead simplex:

Eol|-----
€ w
>
time

easy to use: scipy.optimize, Matlab, ...
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GRAPE/LBFGS

m control parameters: ¢; = €(t;) for all points on time grid
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GRAPE/LBFGS

m control parameters: ¢; = €(t;) for all points on time grid

m Jr ~ (W W(T)) = <\Utgt 0,...0; ‘ w0>
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GRAPE/LBFGS

m control parameters: ¢; = €(t;) for all points on time grid

m Jr ~ (W W(T)) = <\Utgt 0,...0; ‘ w0>

a Y — <\|;tgt
Oe;

U (t,, T)a—UU (;, tg)‘\U0>

~—
(‘wa| (W)
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GRAPE/LBFGS

m control parameters: ¢; = €(t;) for all points on time grid

m Jr ~ (W W(T)) = <\Utgt 0,...0; ‘ w0>

a Y — <\|;tgt
Oe;

U (t,, T)a—UU t,',tg)‘\Uo>

~—
(‘wa| (W)

update scheme

Aej ~ BT~ (yrbw| iyt
(W) 0—4/‘”_”%[:, L/—FE—O |wet)

to T
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GRAPE/LBFGS

m control parameters: ¢; = €(t;) for all points on time grid

m Jr ~ (W W(T)) = <\Utgt 0,...0; ‘ w0>

a Y — <\|;tgt
Oe;

U (t,, T)a—UU t,',tg)‘\Uo>

~—
(‘wa| (W)

update scheme

AE,’ ~ M ~ <wbw|0U ’wfw>

O¢; Oe;
| |
(W) 0—4/‘”_”%[:, L/—FE—O |wet)

to T

Khaneja et al. J. Magnet. Res. 172, 296 (2005)
library implementation: L-BFGS-B
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Krotov's method

m variational calculus, for continuous €(t)
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Krotov's method

m variational calculus, for continuous €(t)
m extended functional: J = Jr (V) + fOT Ji(e, V)dt
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Krotov's method

m variational calculus, for continuous €(t)
m extended functional: J = Jr (V) + fOT Ji(e, V)dt
m9.J=0,82J>0 dyJ=0
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Krotov's method

m variational calculus, for continuous €(t)

m extended functional: J = Jr (V) + fOT Ji(e, V)dt
m0.J=00°)>0 0pyJ=0

m Krotov: separate dependency of states and field

A

(IW(t)) = U(z,0;¢(t)) [Wo))
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Krotov's method

m variational calculus, for continuous €(t)

m extended functional: J = Jr (V) + fOT Ji(e, V)dt
m0.J=00°)>0 0pyJ=0

m Krotov: separate dependency of states and field

(JW(1)) = O(t, 0; (1)) [Wo))

m = ¢ that minimizes Jr relative to €©.
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Krotov's method

m variational calculus, for continuous €(t)

m extended functional: J = Jr (V) + fOT Ji(e, V)dt

m0.J=00°)>0 0pyJ=0

m Krotov: separate dependency of states and field
(IW(t)) = U(2,0:¢(t)) [Wo))

m = ¢ that minimizes Jr relative to €©.

update scheme

De(t) ~ (x| G2 W™)
0 W o aJr
W )>k/ﬂ_/—-|x> i

to t T

Reich et al. J. Chem. Phys. 136, 104103 (2012)
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Krotov's method vs GRAPE

Krotov's method

m sequential update

bw | OH |yjrfw . .
Ae(t) ~ ([ 52 V™) m continuous — discrete
GO -
€ €0 5J, W guaranteed monotonic
we ) |X> (v convergence
l‘ .
0 t T m Jt only in boundary
condition
GRAPE
Ae: \Ubw wfw
' 06 ~ A ‘(36 V™) m concurrent update
|\|}(0)>._4‘_/l/—ﬂg?_"i<_’_}k}_.|wtgt> m inherently discrete
{0 - 7— m parametrization

through chain rule
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Applications
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the quantum speed limit

m progressively decrease gate duration
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the quantum speed limit

m progressively decrease gate duration
m QSL is reached when objective can no longer be reached
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the quantum speed limit

m progressively decrease gate duration
m QSL is reached when objective can no longer be reached

example: optimization of entangling and local gates
in superconducting transmon qubits

T T
s 10721 B
o
= OSLPE 0 E
) €avg 1
2 4p-3 l 1
< 10 ebE 3
o avg 3
| . . | N
T ~&- T
. -2 X S~
g 10 E @ -® €ayg S~ ".-w.’/
o) i 1 __——:.'
g jo-3[ OOfag ___-@==7 N
o E .___——.' QSL{;4
v Ll R

gate time (ns)
Goerz et al. arXiv:1606.08825 (2017)
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robustness to classical fluctuations
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robustness to classical fluctuations

noise sources: fluctuation of Rydberg level, field amplitude
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robustness to classical fluctuations

noise sources: fluctuation of Rydberg level, field amplitude

ensemble optimization

simultaneously optimize over Vi)o— a0 |yt
multiple copies of the system [Wa)e———~__——e0 v
with different noise realizations
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robustness Rydberg gates

E j j " T : J ; '
1 - —— best analytic (800 ns)

o
|

[ =
on
ey
T

=
o

average gate error
[y
On
T
Q
<
o
=
I
N

= Goerz, Halperin, Aytac, Koch, Whaley. PRA 90, 032329 (2014)
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robustness Rydberg gates

E j j " T : J ; '
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robustness Rydberg gates

10—
af —-- bestanalytic (800 ns) E
o - __3
10%FeeemmmTTTTT E
10%F--"7" -
s F order of magnitude more robust!
o 10_4? P S B S B
o 0 50 100 150
g . 0,4 (kHz)
% 0 1 1
§ ot —OcT@onmy ;
@ 2F e
10%F -7 5
BLo--"" .
10°¢ order of magnitude more robust! 7}
10_4? ‘ ‘ ‘ ! ‘ ‘ ‘ ! ‘ ‘ ‘ ! 3
0 2 3
0, (%)

= Goerz, Halperin, Aytac, Koch, Whaley. PRA 90, 032329 (2014)
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robustness

Rydberg gates

=
o o

average gate error

=
, O

= Goerz, Halperin, Aytac, Koch, Whaley. PRA 90, 032329 (2014)

=
, O

E 7 j j j T " J " "
t — - - best analytic (800 ns)

N
|~ OCT (800 ns)
- — OCT (100 ns)

2
o, (%)
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robustness to dissipation

just optimize density matrices!
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robustness to dissipation

just optimize density matrices!

3

Jr=1- Ztr[‘2]%e {tr [B{¥pi.a(T)]}
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robustness to dissipation

just optimize density matrices!

3

Jr=1- Ztr[‘2]%e {tr [B{¥pi.a(T)]}
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robustness to dissipation

just optimize density matrices!

Jr=1- Ztr[u]%{“[ P Pin(T)]}

8 0 0O
~ 1106 00
PL=2% (o 0 40
0 0 0 2
populations

always 3 states, independent of dimension!
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robustness to dissipation

just optimize density matrices!

Jr=1- Ztr[‘2]%e{tr[ P Pin(T)]}

8 0 0O
~ 1106 00
PL=2% (o 0 40
0 0 0 2
populations

always 3 states, independent of dimension!

3

Bl
el

—_
T

1

phases

= Goerz, Reich, Koch. NJP 16, 055012 (2014).

Alternative: MCWEF trajectories
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trajectory optimization

detector

cavity 1 cavity 2
|r)1 in Qout 7)2
fult)\g d_k@[ K t/\g
—-0— —o—
leds  |gh ot = ) = a2 (2)

[Clrac et al, PRL 78, 3221 (1997

H=H, +H,+ixala, —aa), [=v2kE +4a)
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trajectory optimization

N detector N
cavity 1 cavity 2

Ir)l m aou! 7‘)2
[ﬂl(t)/\g §| KQQ ®) /\g
-0— —e—
le)1 lgh J(t—1) = a®t €)2

[Clrac et al, PRL 78, 3221 (1997

H=H, +H,+ixala, —aa), [=v2kE +4a)

propagate with I:Ieff =H- %IA_TIA_,
jump randomly with probability of ||W||
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trajectory optimization

propagate with I:Ieff —H

édetector
2

aga(t — ) = a(t)

it i
— inf'f,

jump randomly with probability of ||W||

cavity 2

)2

w200,/
VAN

e)2  |g)2

1.0 0BT T T T T W T T T T T T T
08 0.20 A — ] _ b — |

S I (ny) £ — P2

206 0.15 \ ( 2> S 60| / N\ 1

= — (], ~ 20 _

20.4 0.10 / \ g 40 / \

S / f 3 20/ N\ 1
0.2 0.05 \// 1 % o~ ~—
0.0 0.00 | / | | | -20 | | | 1 | 1 |

4 3 2 10 1 2 3 4 —4-3-2-10 1 2 3 —4 3 2 -1 1 3 4

time (microsec)

time (microsec)
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trajectory optimization

cavity 1 édetector cavity 2
|}
K QQ(tZ/ g
—— Xo—

ledi  lgh W)= ot le)2  lg)

Aoy,

propagate with I:Ieff =H- %ZIA_ I:,

jump randomly with probability of ||W||

1.0 T T T T T T T T
0.8 | o.20f — )] _
5 ) | =
50.6 [~ == 00 4 o1sf ( 2> 4 =
= — (], -~
204l 01 4 o100} N\ 8
g | —1 / 2
0.2} 1 - 0.05f \ .
0.0 I T Ll 0.00 L1 A 1 N
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -10 1 2 3 4
time (microsec) time (microsec)
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optimization in the Weyl chamber

m for two-qubit gates: many quantum gates are useful
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optimization in the Weyl chamber

m for two-qubit gates: many quantum gates are useful
m which are most robust with respect to dissipation?
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optimization in the Weyl chamber

m for two-qubit gates: many quantum gates are useful
m which are most robust with respect to dissipation?
m Cartan decomposition of any 4 x 4 unitary

A — eé(Cl&X&X+C20A'y5'y+C3OA'ZOA'Z)
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optimization in the Weyl chamber

m for two-qubit gates: many quantum gates are useful
m which are most robust with respect to dissipation?
m Cartan decomposition of any 4 x 4 unitary

A — eé(Cl&X&X+C20A'y5'y+C3OA'ZOA'Z)

m optimize for arbitrary perfect entangler
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optimization for a perfect entangler

PE optimization for superconducting transmon qubits

500 iters
o—® PE
o—0 ISWAP
—o VSWAP
o—o SWAP

optimization error

o6
50 100 150 200 250 300 350 400

gate duration duration (ns)

= Goerz et al. Phys. Rev. A 91, 062307 (2015)
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optimization for a perfect entangler

PE optimization for superconducting transmon qubits

10° ] 500 iters
je—e PE
s 107 { e—e iswaApP
5 {e—e VSWAP'
S { e—e \/SWAP
b= 3 1
= 10 1000 iters
.§ 10-4 PE
& iSWAP
107° VSWAP®
10-6 ] ] ] [ T MR B SWAP

50 100 150 200 250 300 350 400
gate duration duration (ns)

= Goerz et al. Phys. Rev. A 91, 062307 (2015)
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optimization for a perfect entangler

PE optimization for superconducting transmon qubits

10° ] 500 iters
je—e PE
s 107 { e—e iswaApP
5 {e—e VSWAP'
S { e—e \/SWAP
b= 3 1
= 10 1000 iters
.§ 10-4 PE
& iSWAP
107° VSWAP®
10-6 ] ] ] [ T MR B SWAP

50 100 150 200 250 300 350 400
gate duration duration (ns)

much lower errors and much better convergence = faster gates
= Goerz et al. Phys. Rev. A 91, 062307 (2015)
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design landscape exploration

two transmon qubits with shared transmission line

== 25 mm

.
b ) -—
N\

R =
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design landscape exploration

two transmon qubits with shared transmission line

== 25 mm
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design landscape exploration

two transmon qubits with shared transmission line

== 25 mm

optimal choice of parameters?
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design landscape exploration

two transmon qubits with shared transmission line

== 25 mm

10 20 30 40 —-20-10 O 10 20 30 40
Ac/g

10 20 30 40 —-20-10 O
Ac/g Ac/g
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design landscape exploration

two transmon qubits with shared transmission line

== 25 mm

10
0.869,
0.6 |
043
combined O‘ZQE
0.0
10 20 30 40 —20-10 0 10 20 30 40 —20 10 O 10 20 30 40
Ac/g Ac/g Ac/g
Identification of new QuaDiSQ regime
= Goerz et al. arXiv:1606.08825 (2016).
19/22
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hybrid optimization schemes

combine gradient-free and gradient-based optimization in
multiple stages
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hybrid optimization schemes

combine gradient-free and gradient-based optimization in
multiple stages

= Faster convergence

= Cleaner pulses
s 101 E == e U
E 102 i 1 — Jho! (direct)
o 3 —= J7" (direct)
BN 10 == Jho! (pre-opt.)
g wrE TN, N e JT (pre-opt.)
s 10,5§ R | N | R |

10° 10t 10° 10°

OCT iteration
Goerz et al. EPJ Quantum Tech. 2, 21 (2015).
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hybrid optimization schemes

combine gradient-free and gradient-based optimization in
multiple stages

= Faster convergence

= Cleaner pulses
s 107
5 o f — Jh' (direct)
5 107K J = (direct)
2 F T
BN 10 == Jho! (pre-opt.)
g w4 E TN e, N e JT (pre-opt.)
a 3
° 10,5: R | N | R |

10° 10! 107 10°

OCT iteration
Goerz et al. EPJ Quantum Tech. 2, 21 (2015).

Bridging the gap to experiment:
spectral constraints, Hamiltonian estimation, noise source, ...
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m OCT: toolbox for quantum engineering



summary

m OCT: toolbox for quantum engineering
m optimization methods

m gradient-free
m gradient-based: GRAPE, Krotov's method
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summary

m OCT: toolbox for quantum engineering
m optimization methods

m gradient-free
m gradient-based: GRAPE, Krotov's method

m applications
m quantum speed limit
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summary
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m applications

m quantum speed limit
m robustness w.r.t fluctuations — ensemble optimization
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summary

m OCT: toolbox for quantum engineering
m optimization methods

m gradient-free
m gradient-based: GRAPE, Krotov's method
m applications
m quantum speed limit
m robustness w.r.t fluctuations — ensemble optimization
m robustness w.r.t. dissipation:

density matrix optimization, trajectories, advanced
functionals
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summary

m OCT: toolbox for quantum engineering
m optimization methods
m gradient-free
m gradient-based: GRAPE, Krotov's method
m applications
m quantum speed limit
m robustness w.r.t fluctuations — ensemble optimization
m robustness w.r.t. dissipation:
density matrix optimization, trajectories, advanced
functionals
m design landscape explorations

Michael Goerz e Stanford/ARL e optimal control for entangling quantum gates 21/22



summary

m OCT: toolbox for quantum engineering
m optimization methods

m gradient-free
m gradient-based: GRAPE, Krotov's method
m applications

m quantum speed limit

m robustness w.r.t fluctuations — ensemble optimization

m robustness w.r.t. dissipation:
density matrix optimization, trajectories, advanced
functionals

m design landscape explorations

m bridging the gap to experiment:
hybrid optimization schemes, filters
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Thank you!
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